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MANIN'S CONJECTURE FOR A CUBIC SURFACE WITH
D5 SINGULARITY
by
T. D. Browning & U. Derenthal
Abstrat.  The Manin onjeture is established for a split singular ubi surfae
in P3, with singularity type D5.
Contents
1. Introdution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
2. Arithmeti funtions and exponential sums. . . . . . . . . . . . . . . . . . . . 4
3. The universal torsor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
4. First summation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
5. Seond summation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
6. Third summation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
7. Completion of the proof. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
Referenes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
1. Introdution
Let S ⊂ P3 be the ubi surfae dened by
x3x
2
0 + x0x
2
2 + x2x
2
1 = 0. (1.1)
Then S is a singular del Pezzo surfae with a unique singularity (0 : 0 : 0 : 1) of
type D5 and three lines, eah of whih is dened over Q.
Let U be the Zariski open subset formed by deleting the lines from S. Our
prinipal objet of study in this paper is the ardinality
NU,H(B) = #{x ∈ U(Q) | H(x) 6 B},
for any B > 1. Here H is the usual height on P3, in whih H(x) is dened as
max{|x0|, . . . , |x3|}, provided that the point x ∈ P
3(Q) is represented by integral
2000 Mathematis Subjet Classiation.  11G35 (14G05, 14G10).
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Figure 1. Points of height 6 100 on the D5 ubi surfae.
oordinates (x0, . . . , x3) that are relatively oprime. In Figure 1 we have plotted
an ane model of S, together with all of the rational points of low height that it
ontains. The following is our prinipal result.
Theorem.  We have
NU,H(B) = cS,HB(logB)
6 +O
(
B(logB)5(log logB)
)
,
where the leading onstant is
cS,H =
1
230400
· ω∞ ·
∏
p
ωp
with
ωp =
(
1−
1
p
)7(
1 +
7
p
+
1
p2
)
,
ω∞ =
∫
|x0|,|x1|,|x2|,|x
−2
0
(x0x22+x2x
2
1
)|61, x2>0
x−20 dx0 dx1 dx2.
It is straightforward to hek that the surfae S is neither tori nor an equiv-
ariant ompatiation of G2a. Thus this result does not follow from the work of
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Tshinkel and his ollaborators [1, 7℄. Our theorem onrms the onjeture of
Manin [13℄ sine the Piard group of the minimal desingularisation S˜ of the split
del Pezzo surfae S has rank 7. Furthermore, the leading onstant cS,H oinides
with Peyre's predition [14℄. To hek this we begin by observing that
α(S˜) =
α(S0)
#W (D5)
=
1/120
1920
=
1
230400
,
by [9, Theorem 4℄ and [12, Theorem 1.3℄, where S0 is a split smooth ubi surfae
and#W (D5) is the order of the Weyl group of the root systemD5. Next one easily
veries that the onstant ω∞ in the theorem is the real density, whih is omputed
by writing x3 as a funtion of x0, x1, x2 and using the Leray form x
−2
0 dx0 dx1 dx2.
Finally, it is straightforward to ompute the p-adi densities as being equal to ωp.
Our work is the latest in a sequene of attaks upon the Manin onjeture for
del Pezzo surfaes, a omprehensive survey of whih an be found in [5℄. A number
of authors have established the onjeture for the surfae
x1x2x3 + x
3
0 = 0,
whih has singularity type 3A2. The sharpest unonditional result available is due
to la Bretèhe [2℄. Furthermore, in joint work with la Bretèhe [4℄, the authors
have reently resolved the onjeture for the surfae
x1x
2
2 + x2x
2
0 + x
3
3 = 0,
whih has singularity type E6. Our main result signies only the third example
of a ubi surfae for whih the Manin onjeture has been resolved.
The proof of the theorem draws upon the expanding store of tehnial mahinery
that has been developed to study the growth rate of rational points on singular
del Pezzo surfaes. In partiular, we will take advantage of the estimates involving
exponential sums that featured in [4℄. In the latter setting these tools were required
to get an asymptoti formula for the relevant ounting funtion with error term of
the shape O(B1−δ). However, in their present form, they are not even enough to
establish an asymptoti formula in the D5 setting. Instead we will need to revisit
the proofs of these results in order to sharpen the estimates to an extent that they
an be used to establish the theorem. In addition to these rened estimates, we
will often be in a position to abbreviate our argument by taking advantage of [10℄,
where several useful auxiliary results are framed in a more general ontext.
In keeping with urrent thinking on the arithmeti of split del Pezzo surfaes,
the proof of our theorem relies on passing to a universal torsor, whih in the
present setting is an open subset of the hypersurfae
η2η
2
6α2 + η4η
2
5η
3
7η8 + η3α
2
1 = 0, (1.2)
embedded in A10 ∼= SpecQ[η1, . . . , η8, α1, α2]. Furthermore, as with most proofs of
the Manin onjeture for singular del Pezzo surfaes of low degree, the shape of the
one of eetive divisors of the orresponding minimal desingularisation plays an
important role in our work. For the surfaes treated in [3℄, [4℄, [11℄, the fat that
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the eetive one is simpliial streamlines the proofs onsiderably. For the surfae
studied in [6℄, this was not the ase, but it was nonetheless possible to exploit the
fat that the dual of the eetive one is the dierene of two simpliial ones.
For the ubi surfae (1.1), the dual of the eetive one is again the dierene of
two simpliial ones. However, we hoose to ignore this fat and rely on a more
general strategy instead.
Aknowledgements.  While working on this paper the rst author was sup-
ported by EPSRC grant number EP/E053262/1. The seond author was partially
supported by a Feodor Lynen Researh Fellowship of the Alexander von Hum-
boldt Foundation. The authors are grateful to the referee for a number of useful
omments that have improved the exposition of this paper.
2. Arithmeti funtions and exponential sums
Dene the multipliative arithmeti funtions
φ∗(q) =
∏
p|q
(
1−
1
p
)
, g(q) =
∑
d|q
d−1/2, hk(q) = 2
ω(q)g(q)k,
for any k ∈ Z>0, where ω(q) denotes the number of distint prime fators of q.
These funtions will feature quite heavily in our work and we will need to know
the average order of the latter.
Lemma 1.  For any k ∈ Z>0 we have∑
q6Q
hk(q)≪k Q logQ.
Proof.  Let k ∈ Z>0 be given and let ε > 0. Then we have∑
q6Q
hk(q) =
∑
q6Q
2ω(q)
∑
d1,...,dk|q
(d1 · · · dk)
−1/2
≪ε
∞∑
d1,...,dk=1
(d1 · · · dk)
ε−1/2
∑
u6Q/[d1,...,dk]
2ω(u)
≪ε Q logQ
∞∑
d1,...,dk=1
(d1 · · · dk)
ε−1/2
[d1, . . . , dk]
,
where [a, b] denotes the least ommon multiple of a, b ∈ Z>0. We easily hek
that the nal sum is absolutely onvergent by onsidering the orresponding Euler
produt, whih has loal fators of the shape 1 +Oε(p
ε−3/2).
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Given integers a, b, q, with q > 0, we will be led to onsider the quadrati
exponential sum
Sq(a, b) =
q∑
v=1
eq(av
2 + bv). (2.1)
Our study of this should be ompared with the orresponding sum studied in [4,
Eq. (3.1)℄, involving instead a ubi phase av3 + bv2. In [4, Lemma 4℄ an upper
bound of the shape Oε(gcd(q, b)q
1/2+ε) is established for the ubi sum. The
following result shows that we an do better in the quadrati setting.
Lemma 2.  For any a, b ∈ Z with gcd(q, a, b) = 1, we have
Sq(a, b)≪ gcd(q, a)
1/2q1/2.
Proof.  Writing w = v + x in the seond step, we nd that
|Sq(a, b)|
2 =
q∑
v,w=1
eq(a(v
2 − w2) + b(v − w))
=
q∑
v,x=1
eq(−a(2vx + x
2)− bx)
=
q∑
x=1
eq(−ax
2 − bx)
q∑
v=1
eq(−2avx)
The inner sum is q if q | 2ax and 0 otherwise. Let h = gcd(a, q) and write q = hq′,
a = ha′ with gcd(a′, q′) = 1. Then
|Sq(a, b)|
2 = q
q∑
x=1
q′|2x
eq(−ax
2 − bx) 6 2qh,
and the result follows.
Our next results onern the funtion ψ(t) = {t} − 1/2, where {t} is the fra-
tional part of t ∈ R. The following estimate improves upon [3, Lemma 5℄.
Lemma 3.  For any t ∈ R, b ∈ Z, q ∈ Z>0 with gcd(b, q) = 1, we have
q∑
x=1
gcd(x,q)=1
ψ
(
t− bx2
q
)
≪ h1(q) log(q + 1)q
1/2.
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Proof.  Let S(q) denote the sum that is to be estimated. By Möbius inversion
it follows that
S(q) =
∑
n|q
µ(n)
∑
06x′<q/n
ψ
(
t/n− bnx′2
q/n
)
=
∑
n|q
m=gcd(n,q/n)
µ(n)m
∑
06x′< q
mn
ψ
(
t/(mn)− bnx′2/m
q/(mn)
)
.
We laim that ∑
06x<q
ψ
(
t− bx2
q
)
≪ g(q) log(q + 1)q1/2, (2.2)
for any t ∈ R, b ∈ Z and q ∈ Z>0 with gcd(b, q) = 1. Under this assumption, it
therefore follows that
S(q)≪
∑
n|q
m=gcd(n,q/n)
|µ(n)|mg(q) log(q + 1)(q/(mn))1/2
= g(q) log(q + 1)q1/2
∑
n|q
|µ(n)| gcd(n, q/n)1/2
n1/2
≪ 2ω(q)g(q) log(q + 1)q1/2.
This is satisfatory for the lemma, sine h1(q) = 2
ω(q)g(q).
To establish (2.2) we follow the proof of [3, Lemma 4℄, nding that∑
06x<q
ψ
(
t− bx2
q
)
≪ 1 +
∑
m|q
∑
16ℓ′<q/m
gcd(ℓ′,q/m)=1
|T (q,m, ℓ′)|
q‖ℓ′m/q‖
,
where
T (q,m, ℓ′) =
∑
06x<q
eq/m(ℓ
′bx2).
Rather than applying Weyl's inequality as in [3, Lemma 4℄, we simply break into
m residue lasses modulo q/m and apply Lemma 2 to dedue that
T (q,m, ℓ′)≪ m(q/m)1/2 = (mq)1/2.
Now ∑
16ℓ′<r
‖ℓ′/r‖−1 ≪ r
∑
16ℓ′<r
ℓ′−1 ≪ r log(r + 1),
for any r ∈ Z>0. Hene∑
06x<q
ψ
(
t− bx2
q
)
≪ 1 + log(q + 1)q1/2
∑
m|q
m−1/2
≪ g(q) log(q + 1)q1/2,
MANIN'S CONJECTURE FOR A CUBIC SURFACE WITH D5 SINGULARITY 7
whih thereby onludes the proof of (2.2).
For positive integers a, b, we dene the funtion
fa,b(n) =
{
φ∗(n)/φ∗(gcd(n, a)), if gcd(n, b) = 1,
0, if gcd(n, b) > 1.
(2.3)
We ombine Lemma 3 with the proof of [6, Lemma 1℄ to obtain the following
result.
Lemma 4.  Let 0 6 t1 < t2 and gcd(α, q) = 1. We have∑
16̺6q
gcd(̺,q)=1
∑
t1<n6t2
n≡α̺2 (mod q)
fa,b(n) = (t2 − t1) · φ
∗(bq)
∏
p∤abq
(
1−
1
p2
)
+O
(
2ω(b) log(t2 + 2)h1(q) log(q + 1)q
1/2
)
.
Proof.  In the proof of [6, Lemma 1℄,
Σ =
∑
d−1t1<m6d−1t2
md≡α̺2 (mod q)
1
is estimated as (t2−t1)/(dq)+O(1), for given d oprime to q. Using [4, Lemma 7℄,
we make this preise as
Σ =
t2 − t1
dq
+ ψ
(
d−1t1 − dα̺
2
q
)
− ψ
(
d−1t2 − dα̺
2
q
)
,
where d is hosen suh that dd ≡ 1 (mod q). Our task is to ompute∑
16̺6q
gcd(̺,q)=1
∑
16d6t2
gcd(d,q)=1
(fa,b ∗ µ)(d)Σ.
For the main term, we may extend the summation over d to all positive integers,
sine ∑
16̺6q
t2 − t1
q
∑
d>t2
gcd(d,q)=1
(fa,b ∗ µ)(d)
d
≪ t2
∑
d>t2
gcd(b, d)|µ(d)|
d2
≪ 2ω(b).
As in [6, Lemma 1℄, we see that the sum over d ∈ Z>0 is c0(t2 − t1)/q, with
c0 =
∏
p|b
p∤q
(
1−
1
p
) ∏
p∤abq
(
1−
1
p2
)
.
Summing this over ̺, we get c0φ
∗(q)(t2 − t1). It is easy to see that c0φ
∗(q) agrees
with the leading onstant in the statement of the lemma.
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For the error term, we exhange the summations over d and ̺. Applying
Lemma 3, we obtain the ontribution
≪ F (q)
∑
16d6t2
gcd(d,q)=1
|(fa,b ∗ µ)(d)| ≪ 2
ω(b) log(t2 + 2)F (q),
with F (q) = h1(q) log(q + 1)q
1/2
. This ompletes the proof of the lemma.
Given b, c, q ∈ Z suh that q > 0 and a real-valued funtion f dened on an
interval I ⊂ R, let
SI(f, q) =
∑
x∈Z∩I
q∑
y=1
y2≡bx (mod q)
gcd(y,q)=1
ψ
(
f(x)− cy
q
)
.
It is interesting to ompare this sum with the sort of sums that featured in our
orresponding investigation of the E6 ubi surfae. The sole dierene between
[4, Eq. (4.1)℄ and SI(f, q) is that the argument involves (f(x) − cxy)/q, rather
than (f(x)− cy)/q.
We will be interested in studying SI(f, q) when f ∈ C
1(I;λ0). Here, if I =
[t1, t2] and λ0 > 1, then C
1(I;λ0) is dened to be the set of real-valued dieren-
tiable funtions f , suh that f ′ is monotoni and of onstant sign on (t1, t2), with
|f(t2)− f(t1)|+ 1 6 λ0. It will be onvenient to dene
m(I) = meas(I) + 2.
We will need a version of [4, Lemma 10℄, in whih the fator qεm(I)ε is made more
expliit. This is ahieved in the following result.
Lemma 5.  Let X = qm(I). Assume gcd(bc, q) = 1 and f ∈ C1(I;λ0). For
any ε > 0, we have
SI(f, q)≪
(
h2(q)q
1/2 + τ(q)2
m(I)
q
+
h1(q)
logX
λ
1/2
0 m(I)
1/2
q1/4
)
(logX)2,
where τ(n) =
∑
d|n 1 is the divisor funtion.
In omparing this with [4, Lemma 10℄, one sees that the rst and third term
in both results share the same approximate order of magnitude. However, the
middle term is improved from 1/q1/3 to 1/q. This saving is ruial in our work.
It arises from the fat that the urrent set-up leads us to estimate the quadrati
exponential sums (2.1) with a = 0, rather than the orresponding ubi sums
with phase av3 + bv2 and b = 0. In the former ase we are dealing with linear
exponential sums, for whih we have very good ontrol, and in the latter ase we
only have the bound Oε(q
2/3+ε) available.
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Proof of Lemma 5.  Let η(α; q) = #{1 6 n 6 q | n2 ≡ α (mod q)}. Repla-
ing the bound η(α; q) ≪ε q
ε
by η(α; q) 6 2ω(q)+1 in the appliation of Vaaler's
trigonometri formula in the proof of [4, Lemma 10℄, we obtain
SI(f, q)≪
2ω(q)m(I)
H
+
H∑
h=1
1
h
|TI(f, q;h)|
for any H > 1, where
TI(f, q;h) =
∑
x∈Z∩I
q∑
y=1
y2≡bx (mod q)
gcd(y,q)=1
eq(hf(x)− chy).
As in [4, Lemma 10℄, we rewrite this as
TI(f, q;h) =
1
q
q∑
k=1
AI(q;−k, h, f)B(q;h, k),
with
AI(q;−k, h, f) =
∑
x∈Z∩I
eq(−kx+ hf(x))
and
B(q;h, k) =
q∑
u=1
q∑
v=1
v2≡bu (mod q)
gcd(v,q)=1
eq(ku− chv) =
q∑
v=1
gcd(v,q)=1
eq(bkv
2 − chv),
where b is the multipliative inverse of b modulo q. Sine gcd(q, bk, ch) =
gcd(q, k, h), we have (with h = dh′, k = dk′, q = dq′)
TI(f, q;h) =
∑
d|h,q
1
dq′
∑
−q′/2<k′6q′/2
gcd(k′,h′,q′)=1
AI(q
′;−k′, h′, f)B(dq′; dh′, dk′).
Write eah v modulo q uniquely as v = y + q′z with 1 6 y 6 q′ and 1 6 z 6 d.
Then
B(dq′; dh′, dk′) =
q′∑
y=1
d∑
z=1
gcd(y+q′z,dq′)=1
eq′(bk
′y2 − ch′y) = f(d, q′)B(q′;h′, k′)
with f(d, q′) 6 d, just as in [4, Lemma 10℄. Therefore,
TI(f, q;h)≪
∑
d|h,q
1
q′
∑
−q′/2<k′6q′/2
gcd(k′,h′,q′)=1
|AI(q
′;−k′, h′, f)||B(q′;h′, k′)|.
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For the ontribution from the ase k′ = 0, note that gcd(h′, q′) = 1. We have
AI(q
′; 0, h′, f)≪ m(I) trivially, and
B(q′;h′, 0) =
q′∑
v=1
gcd(v,q′)=1
eq′(−ch
′v) =
∑
d|q′
µ(d)
q′/d∑
v=1
eq′/d(−ch
′v).
The inner sum is q′/d if (q′/d) | ch′ (whih is possible only in the ase q′/d = 1 sine
gcd(q, c) = gcd(q′, h′) = 1) and 0 otherwise. Thus B(q′;h′, 0) = µ(q′), whene the
total ontribution to TI(f, q;h) from the ase k
′ = 0 is
≪
∑
d|h,q
1
q′
m(I)|µ(q′)| ≪
m(I)
q
σ(gcd(h, q)),
where σ(n) =
∑
d|n d is the sum of divisors funtion.
For the total ontribution to TI(f, q;h) from the ase k
′ 6= 0, we note that
AI(q
′;−k′, h′, f)≪
1
|k′|
(q′ + h′λ0) =
q′
|k′|
(1 + hλ0/q),
by [4, Lemma 5℄ for f ∈ C1(I;λ0). Also
B(q′;h′, k′) =
q′∑
v=1
gcd(v,q′)=1
eq′(bk
′v2 − ch′v) =
∑
e|q′
µ(e)
q′′∑
v=1
eq′′(bk
′ev2 − ch′v),
where q′ = eq′′. By Lemma 2,
|B(q′;h′, k′)| ≪
∑
e|q′
|µ(e)|q′′1/2 gcd(q′′, bk′e)1/2
6
∑
e|q′
|µ(e)|
q′1/2
e1/2
gcd(q′, k′)1/2 gcd(q′′, e)1/2
6 2ω(q
′) gcd(q′, k′)1/2q′1/2.
The ontribution from the ase k′ 6= 0 is therefore
≪
∑
d|h,q
d
q
∑
16k′6q′/2
gcd(k′,h′,q′)=1
q′
k′
(1 + hλ0/q)2
ω(q′) gcd(q′, k′)1/2q′1/2
≪ (1 + hλ0/q)2
ω(q)q1/2
∑
d|h,q
1
d1/2
∑
k′6q′/2
gcd(q′, k′)1/2
k′
≪ (1 + hλ0/q)h2(q) log(q + 1)q
1/2.
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Plugging the ontribution from k′ = 0 and k′ 6= 0 to TI(f, q;h) into SI(f, q), we
dedue, for any H > 1, that SI(f, q) is
≪
2ω(q)m(I)
H
+
H∑
h=1
1
h
(
(1 + hλ0/q)h2(q) log(q + 1)q
1/2 +
m(I)
q
σ(gcd(h, q))
)
.
Observing that∑
h6H
σ(gcd(h, q))
h
=
∑
d|q
σ(d)
∑
h6H
d|h
1
h
≪ (logH)
∑
d|q
σ(d)
d
≪ (logH)τ(q)2,
we therefore dedue that
SI(f, q)≪
2ω(q)m(I)
H
+
τ(q)2m(I)(logH)
q
+ log(q + 1)h2(q)q
1/2(logH)
+ log(q + 1)h2(q)λ0H/q
1/2.
Let
H =
q1/4m(I)1/2
λ
1/2
0 log(q + 1)
1/2g(q)
.
If H > 1, we may use this H in the estimate above, together with q + 1 6 X, in
order to obtain the lemma. If H < 1, so that q1/4m(I)1/2 < λ
1/2
0 (log q)
1/2g(q),
we dedue from the trivial estimate SI(f, q)≪ 2
ω(q)
m(I) that the lemma holds in
this ase too.
3. The universal torsor
Let S be the D5 ubi surfae (1.1), let U ⊂ S be the open subset formed by
deleting the lines from S and let S˜ be the minimal desingularisation of S. In this
setion we will establish an expliit bijetion between U(Q) and the integral points
on the universal torsor above S˜, subjet to a number of oprimality onditions.
For this we will follow the strategy explained in [11℄.
To establish the bijetion we will introdue new variables η1, . . . , η8 and α1, α2.
It will be onvenient to heneforth write
η = (η1, . . . , η6), η
′ = (η1, . . . , η8), α = (α1, α2)
and
η(k1,k2,k3,k4,k5,k6) =
6∏
i=1
ηkii ,
for any (k1, . . . , k6) ∈ Q
6
.
Let us reall some information onerning the geometry of S from [8, Setion 8℄.
Blowing up the singularity (0 : 0 : 0 : 1) on S results in the exeptional divisors
E1, . . . , E5 in a D5-onguration on the minimal desingularisation π : S˜ → S. Let
E6, E7, E8 resp. A1, A2 on S˜ be the strit transforms under π of the three lines
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E′′6 = {x0 = x1 = 0}, E
′′
7 = {x0 = x2 = 0}, E
′′
8 = {x2 = x3 = 0} resp. the urves
A′′1 = {x1 = x0x3 + x
2
2 = 0} and A
′′
2 = {x3 = x0x2 + x
2
1 = 0} on S. The extended
Dynkin diagram in Figure 2 is the dual graph of the onguration of the urves
E1, . . . , E8, A1, A2 on S˜.
A2
??
??
??
??
E6 GFED@ABCE2
BB
BB
BB
BB
B
E8 E7 GFED@ABCE5 GFED@ABCE4 GFED@ABCE1
A1
 GFED@ABCE3
|||||||||
Figure 2. Conguration of urves on S˜.
By [8, Setion 8℄, non-zero global setions η1, . . . , η8, α1, α2 orresponding to
E1, . . . , E8, A1, A2 form a generating set of the Cox ring of S˜. The ideal of relations
in Cox(S˜) is generated by η2η
2
6α2+η4η
2
5η
3
7η8+η3α
2
1. We express the setions π
∗(xi),
for 0 6 i 6 3, of the antianonial lass −KeS in terms of the generators of Cox(S˜)
as follows:
(π∗(x0), . . . , π
∗(x3)) = (η
(4,3,2,3,2,2)η7,η
(3,2,2,2,1,1)α1,η
(2,1,1,2,2,0)η27η8, η8α2).
The general strategy of [11℄ suggests that U(Q) should be parametrised by
ertain integral points on the variety Spec(Cox(S˜)). This is onrmed in the the
following result.
Lemma 6.  We have
NU,H(B) = #T (B),
where T (B) is the set of (η′,α) ∈ Z7>0 × Z 6=0 × Z
2
suh that (1.2) holds, with
max{|η(4,3,2,3,2,2)η7|, |η
(3,2,2,2,1,1)α1|, |η
(2,1,1,2,2,0)η27η8|, |η8α2|} 6 B (3.1)
and
gcd(α2, η1η2η7) = 1, (3.2)
gcd(α1, η1η4η5) = 1, (3.3)
gcd(η8, η1η2η3η4η5η6) = 1, (3.4)
gcd(η7, η1η2η3η4η6) = 1, (3.5)
oprimality between η1, . . . , η6 as in Figure 2. (3.6)
The oprimality onditions in (3.6) are ahieved by taking ηi and ηj to be
oprime if and only if the divisors Ei and Ej are not adjaent in the diagram. The
reader is invited to onsider the orrespondene between
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 the variables of the parametrisation and the generators of Cox(S˜),
 the torsor equation (1.2) and the relation in Cox(S˜),
 the height onditions (3.1) and the expressions of π∗(xi) in terms of the
generators of Cox(S˜),
 the oprimality onditions (3.2) (3.6) and the onguration of the urves
assoiated to the generators of Cox(S˜) enoded in Figure 2.
The proof of Lemma 6 is elementary, but modelled aording to the geometry
of S. The following additional geometri information is relevant. Contrating
E6, E2, E1, E3, E7, E5 in this order leads to a map φ1 : S˜ → P
2
that is the blow-
up of six points in the projetive plane. We may hoose φ1(E4), φ1(A1), φ1(E8)
as the oordinate lines in P2 = {(η′4 : α
′
1 : η
′
8)}. Then φ1(A2) is the quadri
η′4η
′
8 + α
′2
1 = 0. The morphisms φ1, π and the projetion
φ2 : S 99K P
2,
x 7→ (x0 : x1 : x2)
from the singularity (0 : 0 : 0 : 1), form a ommutative diagram of rational maps
between S˜, S and P2. The inverse map of φ2 is
φ3 : P
2 99K S,
(η′4 : α
′
1 : η
′
8) 7→ (η
′3
4 : η
′2
4 α
′
1 : η
′2
4 η
′
8 : η
′
8α
′
2)
where α′2 = −η
′
4η
′
8−α
′2
1 . The maps φ2, φ3 give a bijetion between the omplement
U of the lines on S and {(η′4 : α
′
1 : η
′
8) ∈ P
2 | η′4, η
′
8 6= 0}, and furthermore, indues
a bijetion between U(Q) and the integral points
{(η4, α1, η8, α2) ∈ Z>0 × Z× Z 6=0 × Z | gcd(η4, α1, α2) = 1, α2 + η4η8 + α
2
1 = 0}.
Motivated by the way the urves E5, E7, E3, E1, E2, E6 our in φ1 as the blow-
ups of intersetion points of φ1(E4), φ1(E8), φ1(A1), φ1(A2), one introdues the
following further variables
η5 = gcd(η4, η8), η7 = gcd(η5, η8), η3 = gcd(η4, α1, α2),
η1 = gcd(η3, η4, α2), η2 = gcd(η1, α2) η6 = gcd(η2, α2).
Although we omit the details here, it is now straightforward to derive the bijetion
desribed in the statement of Lemma 6 using elementary number theory.
In analysing the height onditions apparent in (3.1) we will meet a number of
real-valued funtions, whose size it will be ruial to understand. We begin with
the observation that (3.1) is equivalent to h(η′, α1;B) 6 1, where
h(η′, α1;B) = B
−1max

|η(4,3,2,3,2,2)η7|, |η
(3,2,2,2,1,1)α1|,
|η(2,1,1,2,2,0)η27η8|,
∣∣∣∣η4η25η37η28 + η3η8α21η2η26
∣∣∣∣
 .
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In what follows we will need to work with the regions
R(B) = {(η′, α1) ∈ R
9
∣∣∣ η1, . . . , η7, |η8| > 1, h(η′, α1;B) 6 1},
R′1(B) = {η ∈ R
6 | η1, . . . , η6 > 1, η
(4,3,2,3,2,2)
6 B, η(6,5,3,4,2,4) > B},
R′2(η;B) = {(η7, η8, α1) ∈ R
3 | η7 > 0, h(η
′, α1;B) 6 1},
R′(B) = {(η′, α1) ∈ R
9 | η ∈ R′1(B), (η7, η8, α1) ∈ R
′
2(η;B)},
=
{
(η′, α1) ∈ R
9
∣∣∣ η1, . . . , η6 > 1, η7 > 0, h(η′, α1;B) 6 1,
η(4,3,2,3,2,2) 6 B, η(6,5,3,4,2,4) > B
}
.
In keeping with the philosophy of [6℄, the denitions of these regions is ditated
by the polytope whose volume is dened to be the onstant α(S˜), as omputed
using an alternative method in the introdution. In fat one has
α(S˜) = vol
{
x ∈ R7>0
∣∣∣ 2x1 + 2x2 + x3 + x4 + 2x6 − x7 > 0,
4x1 + 3x2 + 2x3 + 3x4 + 2x5 + 2x6 + x7 = 1
}
= vol
{
x ∈ R6>0
∣∣∣ 6x1 + 5x2 + 3x3 + 4x4 + 2x5 + 4x6 > 1,
4x1 + 3x2 + 2x3 + 3x4 + 2x5 + 2x6 6 1
}
,
(3.7)
to whih R′1(B) is losely related.
Perhaps a few more words are in order onerning the role of the one of eetive
divisors in our work. The parametrisation of U(Q) in Lemma 6 suggests that
NU,H(B) should be omparable to the volume of R(B). On the other hand, the
fators α(S˜) and ω∞ of the onjetured leading onstant in our theorem suggest
the appearane of R′(B) instead. The latter is onstruted from R′1(B), whih
omes from the dual of the eetive one, and from R′2(η;B), whih is obtained
from the region whose volume is ω∞. At some point we will therefore need to make
a transition from R(B) to R′(B). Rather than distributing this proedure over
the entire proof, as in our previous investigation [6℄, we will save this transition
until Lemma 14, where it signies the nal step in our argument.
We are now ready to reord the various integrals that will feature in our work,
together with some basi estimates for them. All of the bounds are simple enough
to dedue in themselves, but readily follow from appliations of [10, Lemma 5.1℄.
Bearing this in mind, we have
V a1 (η
′;B) =
∫
(η′,t1)∈R(B), η7>|η8|
1
η2η26
dt1,
V b1 (η
′;B) =
∫
(η′,t1)∈R(B), |η8|>η7
1
η2η26
dt1,
V1(η
′;B) =
∑
ι∈{a,b}
V ι1 (η
′;B)≪
B1/2
η
1/2
2 η
1/2
3 η6|η8|
1/2
, (3.8)
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and
V a2 (η, η8;B) =
∫
t7
V a1 (η, t7, η8;B) dt7
≪ min
{
B5/6
η(0,1/6,1/2,1/3,2/3,1/3)|η8|7/6
,
B2
η(7,6,4,5,3,5)
}
, (3.9)
V b2 (η, η7;B) =
∫
t8
V b1 (η, η7, t8;B) dt8 ≪
B3/4
η(0,1/4,1/2,1/4,1/2,1/2)η
3/4
7
, (3.10)
and nally
V a3 (η;B) =
∫
t8
V a2 (η, t8;B) dt8,
V b3 (η;B) =
∫
t7
V b2 (η, t7;B) dt7,
V3(η;B) = V
a
3 (η;B) + V
b
3 (η;B)≪
B
η(1,1,1,1,1,1)
. (3.11)
We now have everything in plae to start the proof of the theorem.
4. First summation
For xed η1, . . . , η8, let N1 be the number of (α1, α2) that ontribute to
NU,H(B). Let I = I(η
′;B) be the set of t1 ∈ R satisfying h(η
′, t1;B) 6 1. By
denition, V1(η
′;B) = meas(I)/(η2η
2
6).
We would like to begin by applying [10, Proposition 2.4℄, whih is onerned
with a muh more general setting. In order to failitate our use of this result,
Table 1 presents a ditionary between the notation adopted in [10℄ and the speial
ase onsidered here.
(r, s, t) (3, 1, 2) δ η1
(α0;α1, . . . , αr) (η8; η4, η5, η7) (a0; a1, . . . , ar) (1; 1, 2, 3)
(β0;β1, . . . , βs) (α1; η3) (b0; b1, . . . , bs) (2; 1)
(γ0;γ1, . . . , γt) (α2; η2, η6) (c1, . . . , ct) (1, 2)
Π(α) η4η
2
5η
3
7 Π
′(δ,α)) η1η4η5
Π(β) η3 Π
′(δ,β)) η1
Π(γ) η2η
2
6 Π
′(δ,γ)) η1η2
Table 1. Ditionary for applying [10, Proposition 2.4℄
We may now apply [10, Proposition 2.4℄ to dedue that
N1 = ϑ1(η
′)V1(η
′;B) +R1(η
′;B),
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where
ϑ1(η
′) =
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5η7)
kφ∗(gcd(η1, kη2))
∑
16̺6kη2η26
η4η7η8≡−̺2η3 (mod kη2η26)
gcd(̺,kη2η26)=1
1
and the error term R1(η
′;B) is the sum of terms of the form∑
k2|η1η2
gcd(k2,η3η4)=1
µ(k2)
∑
k1|η1η4η5η7
gcd(k1,k2η2)=1
µ(k1)
∑
16̺6k2η2η26
η4η7η8≡−̺2η3 (mod k2η2η26)
gcd(̺,k2η2η26)=1
A,
with
A = ψ
(
k−11 b0 − ̺η5η7k1
k2η2η26
)
− ψ
(
k−11 b1 − ̺η5η7k1
k2η2η26
)
,
one for eah of the intervals that form I, with start and end points b0 = b0(η
′;B)
and b1 = b1(η
′;B). Here, a denotes the multipliative inverse of an integer a ∈
(Z/k2η2η
2
6Z)
∗
. Our rst task is to show that the overall ontribution from R1
makes a satisfatory ontribution to NU,H(B).
Lemma 7.  We have
NU,H(B) =
∑
η
′∈Z7>0×Z6=0
(3.4), (3.5), (3.6)
ϑ1(η
′)V1(η
′;B) +O(B(logB)5)
Proof.  We must show that one summed over η′ ∈ Z7>0 × Z 6=0 suh that (3.4),
(3.5) and (3.6) hold, the term R1(η
′;B) ontributes O(B(logB)5). Let q = k2η2η
2
6 .
We remove (3.4) by a Möbius inversion. This leads us to estimate∑
(η,η7)∈Z7>0
(3.5), (3.6)
R′1(η, η7;B),
where R′1(η, η7;B) is dened to be∑
k2|η1η2
gcd(k2,η3η4)=1
µ(k2)
∑
k1|η1η4η5η7
gcd(k1,k2η2)=1
µ(k1)
∑
k8|η1η2η3η4η5η6
µ(k8)A
′,
with
A′ =
∑
η′
8
∈Z∩I′
∑
16̺6q
η4η7k8η′8≡−̺
2η3 (mod q)
gcd(̺,q)=1
∑
i∈{0,1}
(−1)iψ
(
k−11 bi − ̺η5η7k1
q
)
,
where I ′ is the allowed interval for η′8 and b0, b1 as above depend on η1, . . . , η7 and
η8 = k8η
′
8. We may split the summation over η
′
8 ∈ I
′
into subintervals I ′′ where
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we have b0, b1 ∈ C
1(I ′′, λ0) as funtions of η
′
8. In view of the bounds for |k8η
′
8| and
|k1α
′
1| that follow from the inequalities in the denition of R(B), it follows that
m(I ′′)≪
B
η(2,1,1,2,2,0)η27
, λ0 ≪
B
η(3,2,2,2,1,1)
.
Sine gcd(η3, q) = 1, we may restrit the summation over k8 to k8 | η1η3η4η5
suh that gcd(k8, q) = 1. Then gcd(η3η4η7k8, q) = 1 and gcd(η5η7k1, q) = 1, so
that we an apply Lemma 5 to obtain
A′ ≪
(
h2(q)q
1/2 +
τ(q)2B
η(2,2,1,2,2,2)η27
+
h1(q)B
(logB)η(5/2,7/4,3/2,2,3/2,1)η7
)
(logB)2.
Note that hk(η2η
2
6) ≪ε η
ε
2h2k(η6) for any k ∈ Z>0. Writing, temporarily, L =
logB we dedue that the total ontribution from the rst term is∑
η1,...,η7
∑
k1,k2,k8
h2(q)L
2q1/2 ≪ε
∑
η1,...,η7
(η1η2η3η4η5)
ε2ω(η7)h4(η6)L
2η
1/2
1 η2η6
≪ε
∑
η1,...,η6
(η1η2η3η4η5)
εh4(η6)L
3 B
η(7/2,2,2,3,2,1)
≪ε BL
5,
by Lemma 1. The total ontribution from the seond term is∑
η1,...,η7
∑
k1,k2,k8
τ(q)2L2
B
η(2,2,1,2,2,2)η27
≪ BL2
∑
η3
2ω(η3)
η3
≪ BL4.
Finally, the total ontribution from the third term is∑
η1,...,η7
∑
k1,k2,k8
h1(q)BL
η(5/2,7/4,3/2,2,3/2,1)η7
≪ε BL
∑
η1,...,η7
(η1η2η3η4η5)
ε2ω(η7)h2(η6)
η(5/2,7/4,3/2,2,3/2,1)η7
≪ε BL
5.
This therefore ompletes the proof of the lemma.
5. Seond summation
Let NaU,H(B) be the number of (η
′,α) ∈ T (B) subjet to |η8| 6 η7, and let
N bU,H(B) be the remaining number of elements of T (B). Lemma 7 an be modied
in an obvious way to give estimates for NaU,H(B) and N
b
U,H(B). For N
a
U,H(B), we
sum over η7 rst and over η8 afterwards, and for N
b
U,H(B), we do the reverse.
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5.1. Case |η8| > η7.  We rewrite the result of Lemma 7 as follows. Removing
(3.4) by a Möbius inversion, and adding gcd(k8, kη2η
2
6) = 1 to prevent that A = 0,
we arrive at the formula
N bU,H(B) =
∑
(η,η7)∈Z7>0
(3.5), (3.6)
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5η7)
kφ∗(gcd(η1, kη2))
×
∑
16̺6kη2η26
gcd(̺,kη2η26)=1
∑
k8|η1η3η4η5
gcd(k8,kη2η26)=1
µ(k8)A+O(B(logB)
5),
where
A =
∑
η′
8
∈Z6=0
η4η7k8η′8≡−̺
2η3 (mod kη2η26)
k8|η′8|>η7
V b1 (η, η7, k8η
′
8;B).
Lemma 8.  We have
N bU,H(B) =
∑
(η,η7)∈Z7>0
(3.5), (3.6)
ϑb2(η, η7)V
b
2 (η, η7;B) +O(B(logB)
5),
where
ϑb2(η, η7) = φ
∗(η1η2η3η4η5η6)φ
∗(η1η2η4η5η7)
∏
p|η1
p∤η2η3η4
1− 2/p
1− 1/p
.
Proof.  Let q = kη2η
2
6 and
N(t1, t2) =
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5η7)
kφ∗(gcd(η1, kη2))
×
∑
k8|η1η3η4η5
gcd(k8,q)=1
µ(k8)
∑
16̺6q
gcd(̺,q)=1
N ′k,k8(̺; t1, t2)
where
N ′k,k8(̺; t1, t2) = {η
′
8 ∈ (t1/k8, t2/k8] | η4η7k8η
′
8 ≡ −̺
2η3 (mod q)}.
As in [4, Setion 8.3℄, we have
N ′k,k8(̺; t1, t2) =
t2 − t1
k8q
+ ψ
(
k−18 t1 − a̺
2
q
)
− ψ
(
k−18 t2 − a̺
2
q
)
where a is the unique integer modulo q with η4η7k8a ≡ −η3 (mod q). Clearly
η4η7k8η
′
8 ≡ −̺
2η3 (mod q) is equivalent to η
′
8 ≡ a̺
2 (mod q) for any suh a.
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Using Lemma 3, we dedue that N(t1, t2) is
(t2 − t1)ϑ
b
2(η, η7) +O
(
2ω(η1η2)2ω(η1η3η4η5)h1(η2η
2
6) log(η2η
2
6 + 1)(η2η
2
6)
1/2
)
.
A straightforward appliation of partial summation therefore reveals the total error
as being
≪
∑
η,η7
2ω(η1η2)2ω(η1η3η4η5)h1(η2η
2
6)(logB)(η2η
2
6)
1/2 sup
|η8|>η7
V b1 (η, η7, η8;B)
≪
∑
η
2ω(η1η2)2ω(η1η3η4η5)h1(η2η
2
6)
B logB
η(2,3/2,3/2,3/2,1,1)
≪ B(logB)5.
Here, in the seond step, we have used η(4,3,2,3,2,2)η7 6 B and |η8| > η7 and the
bound (3.8) for V b1 . The nal step uses Lemma 1.
5.2. Case η7 > |η8|.  We rewrite the result of Lemma 7. Reall the denition
(2.3) of the funtion fa,b for positive integers a, b. Noting that we may replae
(3.5) by gcd(η7, η1η3η4) = 1, it follows that
NaU,H(B) =
∑
(η,η8)∈Z6>0×Z6=0
(3.4), (3.6)
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5)
kφ∗(gcd(η1, kη2))
×
∑
16̺6kη2η26
gcd(̺,kη2η26)=1
A+O(B(logB)5)
where
A =
∑
η7∈Z6=0
η4η7η8≡−̺2η3 (mod kη2η26)
η7>|η8|
fη5,η1η3η4(η7)V
a
1 (η, η7, η8;B).
Here we automatially have gcd(η4η8, kη2η
2
6) = 1. Thus the ongruene involving
̺ in A determines η7 uniquely modulo kη2η
2
6 .
Lemma 9.  We have
NaU,H(B) =
∑
(η,η8)∈Z6>0×Z6=0
(3.4), (3.6)
ϑa2(η, η8)V
a
2 (η, η8;B) +O(B(logB)
5),
where
ϑa2(η, η7) = φ
∗(η1η2η3η4η6)φ
∗(η1η2η4η5)
∏
p|η1
p∤η2η3η4
1− 2/p
1− 1/p
∏
p∤η1η2η3η4η5η6
(1− 1/p2).
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Proof.  Let q = kη2η
2
6 , q
′ = η2η
2
6 and
N(t1, t2) =
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5)
kφ∗(gcd(η1, kη2))
×
∑
16̺6q
gcd(̺,q)=1
∑
t1<η76t2
η4η7η8≡−̺2η3 (mod q)
fη5,η1η3η4(η7).
It follows from Lemma 4 that N(t1, t2) is
(t2 − t1)
∑
k|η1η2
gcd(k,η3η4)=1
µ(k)φ∗(η1η4η5)
kφ∗(gcd(η1, kη2))
· φ∗(η1η3η4q)
∏
p∤qη1η3η4η5
(1− 1/p2)
+O
(
2ω(η1η2)2ω(η1η3η4)(logB)h1(q
′) log(q′ + 1)q′1/2
)
.
A little thought reveals that the main term here is (t2 − t1)ϑ
a
2(η, η7). Using
partial summation, we estimate the total error as
≪
∑
η,η8
2ω(η1η2)2ω(η1η3η4)(logB)2h1(η2η
2
6)(η2η
2
6)
1/2 sup
η7>|η8|
V a1 (η, η7, η8;B)
≪ B(logB)2
∑
η
2ω(η1η2)2ω(η1η3η4)h1(η2η
2
6)
η(2,3/2,3/2,3/2,1,1)
≪ B(logB)5,
using η(4,3,2,3,2,2)|η8| 6 η
(4,3,2,3,2,2)η7 6 B and (3.8) in the seond step and Lemma
3 in the nal step.
6. Third summation
Throughout the remainder of the paper we set E = B(logB)5(log logB) for the
total error term that appears in our main result. In this setion and the next we will
need to ompute the average order of ertain ompliated multi-variable arithmeti
funtions, sometimes weighted by pieewise ontinuous funtions. As previously,
we will plae ourselves in the more general investigation arried out in [10℄. Here,
given r ∈ Z>0 and C ∈ R>1, a number of rather general sets of funtions are
introdued: Θ1,r(C, ηr) [10, Denition 3.8℄, Θ2,r(C) [10, Denition 4.2℄, Θ
′
3,r [10,
Denition 7.7℄ and Θ′4,r(C) [10, Denition 7.8℄. We will not redene these sets
here, but ontent ourselves with reording the inlusions
Θ′3,r ⊃ Θ
′
4,r(C) ⊂ Θ1,r(48rC
2, ηr) ∩Θ2,r(48r(3
rC)2)
[10, Corollary 7.9℄.
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In the notation of [10, Denition 7.7℄, our manipulations will involve the fun-
tion
ϑ3(η) =
∏
p
ϑ3,p(Ip(η)) ∈ Θ
′
3,6 (6.1)
for any η ∈ Z6>0, where Ip(η) = {i ∈ {1, . . . , 6} : p | ηi} and
ϑ3,p(I) =

(1− 1p2 ), I = ∅,
(1− 1p)
2(1− 2p), I = {1},
(1− 1p)
3, I = {2}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 6}, {4, 5},
(1− 1p)
2, I = {3}, {5}, {6},
0, all other I ⊂ {1, . . . , 6}.
6.1. Case |η8| > η7. 
Lemma 10.  We have
N bU,H(B) =
∑
η∈Z6>0
ϑ3(η)V
b
3 (η;B) +O(E)
where ϑ3 is given by (6.1).
Proof.  Our proof of the lemma is based on ombining [10, Proposition 3.9℄ with
Lemma 8. We will apply the former to ϑ(η, η7)V
b
2 (η, η7;B) summed over η7 > 1,
with (r, s) = (5, 1) and
ϑ(η, η7) =
{
ϑb2(η, η7), if (3.5), (3.6) hold,
0, otherwise.
There are a number of preliminary hypotheses that need to be heked in using
[10, Proposition 3.9℄. Loal fators of ϑ =
∏
p ϑp(Ip(η, η7)) ∈ Θ
′
3,7 are given by
ϑp(I), equal to
1, I = ∅,
(1− 1p)(1 −
2
p), I = {1},
(1− 1p)
2, I = {2}, {4}, {5}, {1, 2}, {1, 3}, {1, 4}, {2, 6}, {4, 5}, {5, 7}
1− 1p , I = {3}, {6}, {7},
0, all other I ⊂ {1, . . . , 7}.
We see that ϑ ∈ Θ′4,7(3) ⊂ Θ1,7(C, η7), for an appropriate C ∈ Z>0.
For V b2 , we observe that (3.10) implies
V b2 (η, η7;B)≪
B
η(1,1,1,1,1,1)η7
·
(
B
η(4,3,2,3,2,2)η7
)−1/4
and that V b2 (η, η7;B) = 0 unless η
(4,3,2,3,2,2)η7 6 B.
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Thus everything is in plae for an appliation of [10, Proposition 3.9℄, giving∑
η7>1
ϑ(η, η7)V
b
2 (η, η7;B) = A(ϑ(η, η7), η7)
∫ B
1
V b2 (η, t7;B) dt7 +O(E)
= ϑ3(η)V
b
3 (η;B) +O(E),
where we hek A(ϑ(η, η7), η7) = ϑ3(η) by [10, Corollary 7.10℄.
6.2. Case η7 > |η8|. 
Lemma 11.  We have
NaU,H(B) =
∑
η∈Z6>0
ϑ3(η)V
a
3 (η;B) +O(E)
with ϑ3 given by (6.1).
Proof.  This time our argument is based on ombining [10, Proposition 3.10℄
with Lemma 9, the former being applied with r = 5. As previously, there are a
number of preliminary hypotheses that need to be heked in order to use this
result. For the rst of these, we dene
ϑ(η, η8) =
{
ϑa2(η, η8), if (3.4), (3.6) hold,
0, otherwise.
As in the proof of Lemma 10, we have ϑ ∈ Θ1,7(C, η8), for some C ∈ Z>0.
Next, (3.9) implies that
V a2 (η, η8;B)
≪
B
η(1,1,1,1,1,1)|η8|
min
{(
B
η(6,5,3,4,2,4)|η8|−1
)−1/6
,
B
η(6,5,3,4,2,4)|η8|−1
}
.
An appliation of [10, Proposition 3.10℄ now gives the expeted main term, to-
gether with a total error term O(E).
7. Completion of the proof
We put bak together our estimates for N bU,H(B) and N
a
U,H(B) that were ob-
tained in Lemmas 10 and 11, respetively. This yields the following result.
Lemma 12.  We have
NU,H(B) =
∑
η∈Z6>0
ϑ3(η)V3(η;B) +O(E),
with ϑ3 given by (6.1).
It remains to handle the summation over η1, . . . , η6. This is ahieved in the next
result.
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Lemma 13. 
NU,H(B) =
(∏
p
ωp
)∫
(η′,α1)∈R(B)
1
η2η26
dη′ dα1 +O(E).
Proof.  Sine ϑ3 ∈ Θ
′
4,r(4), there is a C ∈ Z>0 suh that ϑ3 ∈ Θ2,r(C). This and
the bound (3.11) for V3(η;B) show that we are able to apply [10, Proposition 4.3℄
with (r, s) = (6, 0) to onlude that∑
η
ϑ3(η)V3(η;B) = ϑ0V0(B) +O(E).
Here,
V0(B) =
∫
η
V3(η;B) dη =
∫
R(B)
1
η2η26
dη′ dα1
and ϑ0 is the average of ϑ(η) over η1, . . . , η6, whih is omputed as
ϑ0 =
∏
p
(
1−
1
p
)7((
1 +
1
p
)
+
(
1
p
−
2
p2
)
+ 2
(
1
p
−
1
p2
)
+ 3
1
p
+ 5
1
p2
)
=
∏
p
(
1−
1
p
)7(
1 +
7
p
+
1
p2
)
=
∏
p
ωp
using [10, Corollary 7.10℄.
The subsequent task is to modify the domain of integration, replaing R(B) by
R′(B). This is the nal step needed to extrat the main term as it appears in the
statement of the theorem.
Lemma 14. 
NU,H(B) =
(∏
p
ωp
)∫
(η′,α1)∈R′(B)
1
η2η
2
6
dη′ dα1 +O(E).
Proof.  Let
V (i)(B) =
∫
h(η′,α1;B)61, (η′,α1)∈Ri(B)
(η2η
2
6)
−1 dη′ dα1,
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where
R0(B) = {(η
′, α1) ∈ R
9 | η1, . . . , η7, |η8| > 1}
R1(B) = {(η
′, α1) ∈ R
9 | η1, . . . , η7, |η8| > 1, η
(4,3,2,3,2,2)
6 B}
R2(B) =
{
(η′, α1) ∈ R
9
∣∣∣ η1, . . . , η7, |η8| > 1,
η(4,3,2,3,2,2) 6 B, η(6,5,3,4,2,4) > B
}
R3(B) =
{
(η′, α1) ∈ R
9
∣∣∣ η1, . . . , η7 > 1,
η(4,3,2,3,2,2) 6 B, η(6,5,3,4,2,4) > B
}
R4(B) =
{
(η′, α1) ∈ R
9
∣∣∣ η1, . . . , η6 > 1, η7 > 0,
η(4,3,2,3,2,2) 6 B, η(6,5,3,4,2,4) > B
}
For 1 6 i 6 4, we will show that |V (i)(B) − V (i−1)(B)| ≪ B(logB)5. Sine
V (0)(B) = V0(B) and V
(4)(B) =
∫
(η′,α1)∈R′(B)
(η2η
2
6)
−1 dη′ dα1, this is enough to
establish the lemma.
It turns out that in applying [10, Lemma 5.1℄ to obtain (3.8)(3.11), only the
inequality h(η′, α1;B) 6 1 is used in the denition of R(B). Hene the same
bounds hold if we replae R(B) by R′(B) in the denitions of V ai , V
b
i .
For i = 1, the inequality η(4,3,2,3,2,2) 6 B follows from h(η′, α1;B) 6 1 and
η7 > 1. Therefore, V
(0)(B) = V (1)(B).
For i = 2 we use a variation of (3.9) for the integration over α1, η7. Then
integrating over |η8| > 1 and η
(6,5,3,4,2,4) < B and 1 6 η1, . . . , η5 6 B, we dedue
that
|V (2)(B)− V (1)(B)| ≪
∫
η,η8
B5/6
η(0,1/6,1/2,1/3,2/3,1/3)|η8|7/6
dη dη8
≪
∫
η1,...,η5
B
η(1,1,1,1,1,0)
dη1 . . . dη5
≪ B(logB)5.
For i = 3 we begin by using (3.8) for the integration over α1. Then integrating
over |η8| < 1, η7 6 B/(η
(4,3,2,3,2,2)), η(6,5,3,4,2,4) > B and 1 6 η1, . . . , η5 6 B, we
dedue that
|V (3)(B)− V (2)(B)| ≪
∫
η,η7,η8
B1/2
η
1/2
2 η
1/2
3 η6|η8|
1/2
dη dη7 dη8
≪
∫
η
B3/2
η(4,7/2,5/2,3,2,3)
dη
≪ B(logB)5.
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Finally, for i = 4 we use (3.10) for the integration over α2, η8. Then, integrating
over 0 6 η7 < 1, η
(4,3,2,3,2,2) 6 B and 1 6 η1, . . . , η5 6 B we obtain
|V (4)(B)− V (3)(B)| ≪
∫
η,η7
B3/4
η(0,1/4,1/2,1/4,1/2,1/2)η
3/4
7
dη dη7
≪
∫
η1,...,η5
B
η(1,1,1,1,1,0)
dη1 . . . dη5
≪ B(logB)5.
This ompletes the proof of the lemma.
Substituting
x0 =
η(4,3,2,3,2,2)η7
B
, x1 =
η(3,2,2,2,1,1)α1
B
, x2 =
η(2,1,1,2,2,0)η27η8
B
into ω∞, for xed η ∈ R
6
>0, we obtain∫
(η7,η8,α1)∈R′2(η;B)
1
η2η26
dη7 dη8 dα1 =
ω∞B
η1 · · · η6
.
Finally, by substituting xi =
log η1
logB for 1 6 i 6 6 into (3.7), written as an integral,
we dedue that
α(S˜)(logB)6 =
∫
η∈R′
1
(B)
1
η1 · · · η6
dη.
This ompletes the proof of the theorem.
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